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FINSLERIAN CONVOLUTION METRICS AND THEIR SPECIAL CLASSES
GILBERT NIBARUTA
ABSTRACT. Here, it is introduced a concept of convolution metric in Finslerian Geometry.
This convolution metric is a kind of function obtained by a given mathematical operation
between two Finslerian metrics. Some basic properties of the Finslerian convolution met-
rics are studied. Then it is characterized Finslerian convolution metrics which are of type
Riemannian, Minkowskian as well as Randers. Furthermore, some examples of the Finsle-
rian convolutions are given.
1. INTRODUCTION
Convolution metrics play an important role in Differential Geometry and have appli-
cations that include General Relativity since they are natural extensions of warped prod-
uct metrics. As a concrete example of application, many basic solutions of the Einstein
field equations on Riemannian manifolds have solutions when the Riemannian metrics are
warped products [4] at most.
Nowadays, a Finslerian metric is of considerable interest due to its rich structure includ-
ing mainly Riemann, Randers, Minkowski and Berwald type metrics. For the details, the
study of each of these special Finslerian metrics and some important examples can be found
in [1, 5] and in [6].
In Riemannian Geometry, the notion of convolution metrics was introduced by Bang-
Yen Chen to establish and characterize the Euclidean version of Segre embedding [2]. The
following Proposition shows that the notion of convolution metrics arises very naturally
from tensor product immersions.
Proposition 1.1. [3] Let M1 and M2 be two C
∞ manifolds of dimensions n1 and n2
respectively. Consider g1 and g2 two Riemannian metrics on M1 and M2 respectively. If
ϕ1 : (M1, g1) −→ Rn1\{0} and ϕ2 : (M2, g2) −→ Rn2\{0} are isometric immersions
then the mapping
ϕ = ϕ1 ⊗ ϕ2 : M1 ×M2 −→ Rn1 ⊗ Rn2 = Rn1n2
defined by ϕ(x1, x2) = ϕ1(x1)ϕ2(x2) gives rise to a convolution manifold M1⋆M2 en-
dowed with the convolution metric
ρ2g1 ⋆ρ1 g2 = ρ
2
2g1 + ρ
2
1g2 + 2ρ1ρ2dρ1 ⊗ dρ2
whenever ρ2g1 ⋆ρ1 g2 is non-degenerate where ρ1 = ‖ϕ1‖ and ρ2 = ‖ϕ2‖.
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In this work, we construct an extension of the Riemannian convolution metric on a prod-
uct manifold (See the Definition 2.5). More precisely, we define a new notion of convolution
metric by taking account of, not only the Riemannian metrics but also the Minkowski, the
Randers and the Berwald metrics. We have the following:
Proposition 1.2. Let (M1, F1) and (M2, F2) be two Finslerian manifolds. Consider fk :
Mk −→ (0,∞), for k ∈ {1, 2}, some smooth functions. If f2F1 ⋆f1 F2 is a convolution
Finslerian metric on a manifold M1 ×M2 then one of the following assertions holds
(1) the gradient of one of the functions fk is orthogonal to any tangent vector onM1 ×
M2.
(2) one of the fk is a nonzero constant. In this last case, when one of the fk ≡ 1, the
convolution Finslerian metric f2F1 ⋆f1 F2 reduces to a Finslerian warped product
metric.
Main results regard the characterization of convolution metrics of type Riemannian, Minkowskian
as well as Randers among Finslerian ones. For example, we prove the following.
Theorem 1.3. Let (M1, F1) and (M2, F2) be two Finslerian manifolds of Randers type that
is, for k ∈ {1, 2}, Fk := αk + βk where αk is a Riemannian metric and βk is a 1-form on
Mk with ||βk||αk < 1. If one of the fk : Mk −→ (0,∞) is a nonzero constant function,
then the Finslerian convolution metric f2F1 ⋆f1 F2 on M1 ×M2 is a Randers metric if and
only if
α1
α2
=
β1
β2
. (1.1)
One of the examples of special Finslerian convolution is given by
Example 1.4. Consider M = {x = (x1, x2, x3, x4) ∈ R4 : x1 > 0, x3 > 0} and TxM =
{(y1, y2, y3, y4) ∈ R4 : y1 > 0, y3 > 0}. For λ ∈ [2, 4] and for a positive integer k, define
F : TM −→ (0,∞) by
F (x1, x2, x3, x4, y1, y2, y3, y4) =
{
x23
(
y41 + λy
2
1y
2
2 + y
4
2
) 1
2 + 8x31x
3
3y1y3
+ x23
[
y23 + y
2
4 + λ
(
y2k3 + y
2k
4
) 1
k
]} 1
2
. (1.2)
Then the function F defined in (1.2) is a Finslerian convolution metric.
The outline of this document is organized as follows. In Section 2, we establish some
basic notions on Finslerian convolution manifolds. The Section 3 is devoted to the charac-
terizations of the convolution of Riemannian, Minkowskian and Randers metrics among the
Finslerian convolution metrics. In the Section 4 we provide examples of Finslerian convo-
lution metrics.
Notation. In the following, M is an n−dimensional product of the C2-manifolds M1
and M2 of dimensions n1 and n2 respectively. We denote by TxM the tangent space at
x = (x1, x2) ∈ M and by TM :=
⋃
x∈M TxM the tangent bundle of M . Set T˚M =
{(x1, x2, y1, y2) ∈ TM : y1 6= 0, y2 6= 0 where 0 is a zero vector ∈ TxkMk for k ∈
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{1, 2}} and π : TM −→ M : π(x, y) 7−→ x the natural projection. Let (x1, ..., xn) =
(x11, ..., x
n1
1 , x
n1+1
2 , ..., x
n
2 ) be a local coordinate on an open subset U ofM and (x
1, ..., xn, y1, ..., yn)
be the local coordinate on π−1(U) ⊂ TM . The local coordinate system (xi)i=1,...,n pro-
duces the coordinate bases { ∂
∂xi
}i=1,...,n and {dxi}i=1,...,n respectively, for TM and cotan-
gent bundle T ∗M .
Convention. We use Einstein summation convention: repeated upper and lower indices
will automatically be summed, from 1 to n, unless otherwise will be noted. For example
gijv
ivj =
∑n
i,j=1 gijv
ivj .
2. FINSLERIAN CONVOLUTION MANIFOLD
Definition 2.1. LetM be an n-dimensional manifold. A function F : TM −→ [0,∞) is a
Finslerian metric onM if :
(i) F is C∞ on the entire slit tangent bundle T˚M ,
(ii) F is positively 1-homogeneous on the fibers of TM , that is
∀c > 0, F (x, cy) = cF (x, y),
(iii) the Hessian matrix (gij(x, y))1≤i,j≤n with elements
gij(x, y) :=
1
2
∂2F 2(x, y)
∂yi∂yj
(2.1)
is positive-definite at every point (x, y) of T˚M .
Remark 2.2. The Hessian matrix g whose elements are defined in (2.1) is a natural Rie-
mannian metric on the pulled-back bundle π∗TM over the manifold T˚M . π∗TM is a
vector bundle and its fiber at a point (x, y) ∈ T˚M is
π∗TM |(x,y) := {(x, y; v) : v ∈ TxM}|(x,y) ∼= TxM. (2.2)
Definition 2.3. Let (M,F ) be an n-dimensional Finslerian manifold and g the Hessian
matrix associated with F . The gradient of a smooth function u on M is, the section of the
vector bundle π∗TM denoted by∇u, given by
g(x,y)(∇u(x,y), ξ(x,y)) = du(x,y)(ξ(x,y)) (2.3)
for any ξ ∈ Γ(π∗TM) and for every (x, y) ∈ T˚M . Locally,
∇u(x,y) = gij(x, y)
∂u
∂xi
∂
∂xj
. (2.4)
Remark 2.4. Let M1 and M2 be two C
∞ manifolds. For every (x1, x2) ∈ M1 ×M2, we
have the following properties derived from M1 andM2.
(1) The projections
σ1 : M1 ×M2 −→M1 such that σ1(x1, x2) = x1
σ2 : M1 ×M2 −→M1 such that σ2(x1, x2) = x2
are C∞ submersions.
(2) dim(M1 ×M2) = dimM1 + dimM2.
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Definition 2.5. Let (M1, F1) and (M2, F2) be two Finslerian manifolds. Consider fk :
Mk −→ (0,∞), for k ∈ {1; 2}, some smooth functions. A convolution of (M1, F1) and
(M2, F2), via f1 and f2, is the product manifoldM1×M2 endowed with a function Ff1,f2 :
T (M1 ×M2) −→ (0,∞) defined by
Ff1,f2 =
√
h22(σ
∗
1F1)
2 + h21(σ
∗
2F2)
2 +
1
2
h1h2
∂(σ∗1F1)
2
∂yi
∂(σ∗2F2)
2
∂yj
(∇h1)i(∇h2)j (2.5)
where hk := fk ◦ σk. The function Ff1,f2 is called a Finslerian convolution of F1 and
F2, via f1 and f2, and is denoted by f2F1 ⋆f1 F2. Given a Finslerian convolution function
f2F1 ⋆f1 F2 onM1×M2, the pair (M1×M2,f2 F1 ⋆f1 F2) is called a Finslerian convolution
manifold and is denoted by f2M1⋆f1M2.
Remark 2.6. For any x ≡ (x1, x2) ∈M ≡M1 ×M2 and y ≡ (y1, y2) ∈ TxM ,
(1) Ff1,f2(x, y) exists for some positive-real functions f1 and f2 onM1 andM2 respec-
tively.
(2) Ff1,f2 is not C
∞ on the tangent vectors of the form (y1, 0) nor (0, y2) at a point
(x1, x2) ∈M1 ×M2 but on (y1, y2) for y1 6= 0 and y2 6= 0.
(3) f2F1 ⋆f1 F2 is positively homogeneous of degree one with respect to (y1, y2).
(4) from the relation (2.5), we have
F 2f1,f2(x, y) = 2f1(x1)f2(x2)F1(x1, y1)F2(x2, y2)
∂F1(x1, y1)
∂yi
∂F2(x2, y2)
∂yj
(∇f1(x1))i(∇f2(x2))j
+f22 (x2)F
2
1 (x1, y1) + f1(x1)
2F 22 (x2, y2). (2.6)
Since (x1, x2) is arbitrary a point ofM , the expression (2.6) can be written as
F 2f1,f2 = f
2
2F
2
1 + f
2
1F
2
2 + 2f1f2F1F2
∂F1
∂yi
∂F2
∂yj
(∇f1)i(∇f2)j. (2.7)
Lemma 2.7. LetM1 andM2 be two C
∞ manifolds of dimensions n1 and n2, respectively,
with n1 + n2 = n. If F =f2 F1 ⋆f1 F2 is a Finslerian convolution function on the manifold
M1 ×M2 then the Hessian matrix associated with F is given by
(
gij(x1, x2, y1, y2)
)
=

 f22 (x2)
(
g1αβ(x1, y1)
)
2f1(x1)f2(x2)
(
∂f1(x1)
∂xα
1
∂f2(x2)
∂xν
2
)
(
0
)
f21 (x1)
(
g2µν(x2, y2)
)


at every point (x1, x2, y1, y2) of T˚M1×T˚M2 where i, j ∈ [1, ..., n], α, β ∈ [1, ..., n1], µ, ν ∈
[n1 + 1, ..., n] and, g1 and g2 are the Hessian matrices of F1 and F2 respectively.
Proof. The proof follows from a straightforward calculation using the Definition 2.1 and
the relation (2.7).
Remark 2.8. In general, the components gij of the convolution matrix g are not symmetric
in all indices.
Proposition 2.9. Let M1 and M2 be two C
∞ manifolds of dimensions n1 and n2, respec-
tively, with n1 + n2 = n. If f2F1 ⋆f1 F2 is a Finslerian convolution metric on a man-
ifold M1 × M2 and if v 6= 0 is a tangent vector on M1 × M2 then the quadratic form
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(f2g1 ⋆f1 g2)(v, v) associated with F is positive-definite if
1
f21
g1αβv
αvβ +
1
f22
g2v
µvν > − 2
f1f2
∂f1
∂xα1
∂f2
∂xν2
vαvν (2.8)
where α, β ∈ [1, ..., n1], µ, ν ∈ [n1+1, ..., n] and, g1 and g2 are the Hessian matrices of F1
and F2 respectively.
Proof. From the Lemma 2.7, for any tangent vector v 6= 0 onM1 ×M2, we have
g(v, v) =
n∑
i,j=1
gijv
ivj
=
n1∑
α,β=1
gαβv
αvβ +
n1∑
α=1
n∑
µ=n1+1
gαµv
αvµ +
n∑
µ=n1+1
n1∑
α=1
gµαv
µvα +
n∑
µ,ν=n1+1
gµνv
µvν .
Since g ≡f2 g1 ⋆f1 g2, it follows that
gij(v, v) =
n1∑
α,β=1
f22 g1αβv
αvβ +
n1∑
α=1
n∑
µ=n1+1
2f1f2
∂f1
∂xα1
∂f2
∂x
µ
2
vαvµ + 0 +
n∑
µ,ν=n1+1
f21gµνv
µvν
(2.9)
with gαµ := 2f1f2
∂f1
∂xα
1
∂f2
∂x
µ
2
.
By the fact that F1 and F2 are Finslerian metrics, the first and the last terms in the right
hand-side of (2.9) are positives. Hence g(v, v) > 0 if the equation (2.8) holds.
When the matrix given in the Lemma 2.7 is positive-definite symmetric on T˚ (M1×M2),
it defines a Finslerian metric on M1 × M2. In this case, f2F1 ⋆f1 F2 is called a convo-
lution Finslerian metric and the Finslerian convolution manifold f2M1⋆f1M2 is called a
convolution Finslerian manifold.
Proof of the Proposition 1.2. The proof is obtained by the Lemma 2.7 together with the
Proposition 2.9.
3. IMPORTANT RESULTS
Definition 3.1. ARiemannian metric g on an n-dimensional manifoldM is a family {gx}x∈M
where gx is an inner product on the tangent space TxM , such that the elements gij(x) :=
gx
(
∂
∂xi
, ∂
∂xj
)
are C∞ in local coordinates. Since gx is an inner product, the matrix (gij(x))
is positive-definite at every point x ∈ M . Thus every Riemannian metric g is a Finslerian
metric which arises in the following manner
F (x, y) :=
√
gij(x)yiyj. (3.1)
In that case, 12
∂2F 2(x,y)
∂yi∂yj
is simply gij(x) which is independant of y.
Theorem 3.2. A convolution Finslerian metric f2F1 ⋆f1 F2 is Riemannian if and only if F1
as well as F2 are Riemannian metrics.
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Proof. Assume that F =f2 F1 ⋆f1 F2 is a Riemannian metric. By the Definition 3.1 the
components gij associated with F are independent of (y1, y2). Hence, from the Lemma 2.7,
we have
g1αβ(x1, y1) = g1αβ(x1) and g2µν(x2, y2) = g2µν(x2).
That is F1(x1, y1) and F2(x2, y2) are Riemannian metrics.
The converse is obvious.
Definition 3.3. A Finslerian metric F on a manifold M is locally Minkowski metric if, for
every x ∈ M , there exists an neighborhood V of x such that the components gij of the
Hessian matrix, given in (2.1), satisfy
gij(x, y) = gij(y). (3.2)
Theorem 3.4. A convolution Finslerian metric f2F1 ⋆f1 F2 is locally Minkowskian if and
only if F1 as well as F2 are locally Minkowskian metrics and the functions fk, k ∈ {1, 2}
are both nonzero constants.
Proof. The Theorem 3.4 is obtained by a short calculation of the locally Minkowskian
metric from the Lemma 2.7 by using the expression (3.2).
Definition 3.5. A Randers metric F on an n-dimensional manifold M is a Finsler metric
which has the following form
F := α+ β (3.3)
where, for every (x, y) ∈ T˚M , α(x, y) := √aij(x)yiyj is a Riemannian metric and
β(x, y) := bi(x)y
i is a 1-form onM with ||β||α :=
√
aijbibj < 1.
Proof of the Theorem 1.3. Suppose that f1 is a nonzero constant function. Then, since
F1 and F2 are Randers metrics, the third term of the right-hand side of the (2.7) vanishes.
Hence, the convolution metric becomes
f2F1 ⋆f1 F2 = f
2
2 (α
2
1 + 2α1β1 + β
2
1) + f
2
1 (α
2
2 + 2α2β2 + β
2
2). (3.4)
Since f1 and f2 are positive functions, denote f2α1, f1α2, f2β1 and f1β2 by α
∗
1, α
∗
2, β
∗
1 and
β∗2 respectively. We obtain
f2F1 ⋆f1 F2 = α
∗2
1 + α
∗2
2 + 2(α
∗
1β
∗
1 + α
∗
2β
∗
2) + β
∗2
1 + β
∗2
2 . (3.5)
By setting α =
√
α∗21 + α
∗2
2 and β =
√
β∗21 + β
∗2
2 , by using the Definition 3.5 and the
relation (3.5), we get αβ = α∗1β
∗
1 + α
∗
2β
∗
2 . Hence the relation (1.1) follows from the fact
that α∗1 = f2α1, β
∗
1 = f2β1, α
∗
2 = f1α2 and β
∗
2 = f1β2.
Corollary 3.6. A convolution Finslerian metric f2F1 ⋆f1 F2 is Euclidean if and only if
F1 as well as F2 are Euclidean metrics and the functions fk, k ∈ {1, 2} are both nonzero
constants.
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4. SOME EXAMPLES OF FINSLERIAN CONVOLUTION METRICS
Example 4.1. (Finslerian convolution metric of type Riemannian) Denote by ‖.‖ and 〈., .〉
the standard Euclidean norm and the inner product in Rn respectively. Let B1 = {x1 ∈ R3 :
‖x1‖ < 1} and B2 = {x2 ∈ R2 : ‖x2‖ < 1} be two Euclidean balls. Define the functions
Fk : TBk −→ (0,∞)
(xk, yk) →
√
‖yk‖2 − (‖xk‖2‖yk‖2 − 〈xk, yk〉2)
1− ‖xk‖2 (4.1)
for k ∈ {1, 2}. Then the function F1 and F2 are Riemannian metrics on B1 and B2 respec-
tively known as Klein metrics.
Consider two smooth functions ρk : Bk −→ R. Then the function
Ff1,f2(x1, x2, y1, y2) =


e2ρ2(
1−
∑
3
r=1
(
xr
1
)2)2

 3∑
r=1
(
y
r
1
)2(
1−
3∑
r=1
(
x
r
1
)2)
+
(
3∑
r=1
x
r
1y
r
1
)2
+
e2ρ1(
1−
∑
5
s=4
(
xs
2
)
2
)2

 5∑
s=4
(
y
s
2
)
2
(
1−
5∑
s=4
(
x
s
2
)
2
)
+
(
5∑
s=4
x
s
2y
s
2
)2(4.2)
+ 2e2ρ1e2ρ2
3∑
r=1
5∑
s=4
∂ρ1
∂xr
1
∂ρ2
∂xs
2
y
r
1y
s
2
} 1
2
.
is the Riemannian convolution of F1 and F2, via f1 := e
ρ1 and f2 := e
ρ2 .
When one the ρk is a constant function or when ∇ρk ⊥ v for each tangent vector v on
Bk, the Riemannian convolution function (4.2) becomes a convolution Riemannian metric
on B1 × B2.
Example 4.2. (Finslerian convolution metric of type Minkowskian) Let consider the Fins-
lerian function F defined by the relation (1.2) in the Example 1.4.
It is easy to show that F has the form f2F1 ⋆f1 F2, with fk : U ⊂ R2 −→ (0,∞)
such that fk(x1, x2) = ck. That is F is a Minkowskian convolution function on M1 ×M2
where M1 = {(y1, y2) ∈ R2}, M2 = {(y3, y4) ∈ R2}, F1 =
(
y41 + λy
2
1y
2
2 + y
4
2
) 1
4 and
F2 =
[
y23 + y
2
4 + λ
(
y2k3 + y
2k
4
) 1
k
] 1
2
via c1 and c2.
Example 4.3. (Finslerian convolution metric of type Randers) Denote by ‖.‖V the norm on
a 3-vector space V , by ‖.‖ the standard Euclidean norm and by 〈., .〉 the inner product in
R
n−3. Let B = {x2 ∈ Rn−3 : ‖x2‖ < 1} be an Euclidean ball. Then, for any ǫ ∈ [0, 1),
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the following function F : T
(
V × B) −→ (0,∞) defined by
F (x1, x2, y1, y2) = F (x
1
1, x
2
1, x
3
1, x
4
2, ..., x
n
2 , y
1
1 , y
2
1, y
3
1 , y
4
2 , ..., y
n
2 )
=
{
‖x2‖2
(‖y1‖2V + ǫy31)2 + 2
3∑
α=1
n∑
ν=4
xα1x
ν
2y
α
1 y
ν
2
+ ‖x1‖2V
[√
‖y2‖2 − (‖x2‖2‖y2‖2 − 〈x2, y2〉2) + 〈x2, y2〉
1− ‖x2‖2
]2

1
2
(4.3)
for any x1 = (x
1
1, x
2
1, x
3
1) ∈ V , x2 = (x42, ..., xn2 ) ∈ B, y1 = (y11 , y21, y31) ∈ Tx1V ∼= V and
.y2 = (y
4
2, ..., y
n
2 ) ∈ Tx2B ∼= Rn−3 such that
‖x2‖2
(‖y1‖2V + ǫy31)2+‖x1‖2V
[√
‖y2‖2 − (‖x2‖2‖y2‖2 − 〈x2, y2〉2) + 〈x2, y2〉
1− ‖x2‖2
]2
> −2
3∑
α=1
n∑
ν=4
xα1 x
ν
2y
α
1 y
ν
2 .
Then the function F defined in (4.3) is Randers convolution metric of ‖y1‖2V + ǫy31 and√
‖y2‖2−(‖x2‖2‖y2‖2−〈x2,y2〉2)+〈x2,y2〉
1−‖x2‖2
, via ‖x1‖ and ‖x2‖.
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